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Abstract—This paper presents an experimental investigation of the thermal and dynamic structures of
thermogravitational flows in a horizontal layer heated from the side and having two rigid boundaries. The
upper surface of the layer is free and the lower is rigid and adiabatic. This provides a situation for a
simultaneous occurrence of the thermogravitational and thermocapillary forces. The boundaries of the heat
transfer regimes have been found and for each the heat transfer laws have been determined. For the regime
characterized by a constant longitudinal temperature gradient (far from vertical end surfaces), the laws
governing the velocity and temperature field variation depending on the heat flux have been found

analytically.
NOMENCLATURE Wy dynamic and kinematic viscosity

. . coefficients
A horizontal temperature gradient, 6T/0x densit
a thermal diffusivity P ¥
b temperature coefficient of surface tension,

da/0T INTRODUCTION

t capacit t ressur . . -
s hea ‘Capacity at constant pressure THE FLOWS in a horizontal layer of liquid due to a
g gravity acceleration

2] layer height
Marangoni number, HIAT/pva
Nu Nusselt number, al/A = Q/2JAT

P pressure
Pr Prandtl number, v/a
Qg quantity of heat transferredin a

horizontal direction {per unit of
measurement over the layer width)
Ra Rayleigh number, SgATI3/av
T temperature

AT temperature difference between horizontal
upper and lower bounding adiabatic
surfaces

T, T., temperature of upper and lower
horizontal adiabatic surfaces, respectively

AT, temperature difference between hot and
cold vertical side surfaces, T, — 7T,

T, mean temperature over layer depth

u horizontal velocity component

Xo layer length

v,x,z  vertical and horizontal coordinate axes

Zg layer width.

Greek symbols

B coefficient of thermal expansion of liquid

Aps A thermal conductivities of a massif and
liquid
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US.S.R., 630090, Novosibirsk, U.S.S.R.

horizontal temperature gradient are considered. In
actual conditions, this is a plane liquid layer the
horizontal dimension (x,) of which is much larger than
its height (2]), x,/2] > 1 (Fig. 1). In the region of vertical
end surfaces, the flow changes its direction by 180°. Due
to the horizontal temperature gradient the developing
flow in the field of gravitational forces is directed along
the normal to the gravity force vector (in contrast to a
vertical layer, x,/2] « 1, which is heated and cooled
from the side and where the flow is ascending at the hot,
and descending at the cold surface).

These insufficiently known flows are observed in
the earth’s atmosphere and its ocean. In the earth’s
atmosphere, which is, on the average, stably stratified,
the horizontal temperature gradients prevail from the
poles to the equator, between the continents and the
oceans, and the periodic in time and space horizontal
gradients occur due to seasonal and diurnal variations
of temperature. In the earth’s ocean, the horizontal
temperature gradientsinduce the so-called entrusive jet
flows. According to the geologistic investigations, the
entrusions of different compositions are observed in the
earth’s crust; their origin can be explained by the
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F1G. 1. Schematic diagram of liquid flow in a horizontal layer
heated on one side.
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existence of horizontal density gradients. The flows
originating under the action of horizontal temperature
gradients can be observed in shallow water pools used
for waste heat removal.

The interest in the kind of flow considered has also
arisen in connection with the choice of the optimum
conditions for obtaining high-quality materials and
crystals; for example, in the technology of single crystal
productionsuch akind of pooliscalled a ‘boat’: melting
or dissolution of the substance occurs on one vertical
end face of the boat and a crystal is grown from this
substance on the other.

In the case of large horizontal dimensions and small
horizontal temperature gradients, 8T/0x, the flow far
from the vertical end faces can be expected to be plane-
parallel.

Theoretically the problem of thermogravitational
and thermocapillary convection in a horizontal infinite
liquid layer was investigated in ref. [1]. In the absence of
a temperature drop between horizontal surfaces, the
solutions for the temperature and velocity distribution
over the layer depth have been obtained and the
conditions of heat transfer on the horizontal surfaces,
under which the temperature gradient is constant
throughout the layer, have been found. Close to the
horizontal heat transfer surfaces, the regions of
unstable stratification are observed and the tempera-
ture gradient in proximity to the surfaces is negative.
The stability of this type of flow was investigated in the
linear approximation in refs. [2-5], and the trends in
the development of finite-amplitude spatial pertur-
bations in the vicinity of the stability loss point were
considered in ref. [6].

At present, this type of flow [ 1] has not been realized
experimentally owing to the complex nature of the
boundary conditions. It is probable that the boundary
conditions may comply approximately if the horizontal
layer is surrounded by a solid massif (two vertical side
end faces are insulated). In a solid massif the horizontal
gradient, 4 = dT/dx = const., and the horizontal
specific heat flux is much larger than the vertical one
directed to the liquid near the lower horizontal surface
and from it to the massifat the upper horizontal surface.
As it follows from ref. [1], in this case the following
condition should be fulfilled: Aiy/A» BgAl*/45av,
where /; and A are the thermal conductivity coefficients
of the massif and liquid, respectively. The degree of the
above inequality fulfilment and the dimension of the
horizontal layer, x,/2l, will depend on the degree of
fulfilment of the following conditions : (a) the absence of
atemperature drop between the horizontal surfaces ; (b)
A = const. throughout the layer far from the vertical
end faces.

The stability of flows under the above boundary
conditions [ 1] and in the case of thermal insulation of
horizontal bounding surfaces have been studied in the
linear approximation in ref. [7].

The most simple boundary conditions realizable in
the laboratory are the conditions of thermal insulation
of horizontal bounding surfaces, (¢T/¢y),. ,, =0,
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when the source and the sink of the heat are located on
the opposite vertical end faces.

The results of experimental investigations in a layer
with rigid adiabatic bounding horizontal surfaces with
a constant temperature difference between the
isothermal vertical end faces are presented in refs. [8.9].
The temperature and velocity profiles measured
throughout the layer have shown that in the main
stream the flow has a plane-parallel pattern [87] and.
near the bounding horizontal surfaces, a boundary-
layer pattern [9].

The results of numerical experiments for a horizontal
layer, xo/2{ » 1, heated from the side with hori-
zontal adiabatic surfaces are presented in refs. [10-12].
In refs. [13, 14], the rate of heat transfer through a
horizontal layer with adiabatic horizontal surfaces and
with isothermal vertical differently heated end faces is
determined by joining the solution {or the main stream
with the approximate solutions for the flow near a
vertical end face. The investigations described in ref.
[15] are concerned with the flow near a vertical surface
and its interaction with a horizontal flow in the layer
core.

In the present work experimental investigations of
the velocity and temperature profiles in a horizontal
layer of liquid, 7 < xo/21 <90, with free and rigid
insulated surfaces are carried out under the conditions
of thermocapillary and thermogravitational convec-
tion. The conditions of the heat conduction and
boundary layer regimes and of the convective heat
transfer regime under the conditions of a plane-parallel
flow have been found, with the heat transfer law being
determined for each of these. For the regimes
characterized by 4 constant temperature gradient, A,
the laws governing a change in the velocity and
temperature fields depending on the heat flux
transported through the layer have been found
apalytically and compared with the experimental
results available.

EXPERIMENTAL FACILITY

Experimental investigations were carried out on a
set-up consisting of a rectangular bath (1) measuring
150 x 150 x 900 mm (Fig. 2). For the purpose of
thermal insulation the side walls of the bath were con-
structed from double Perspex plates (10 x 150 x 920
mm) air-spaced for the front transparent wall and with
a 15 mm thick polyurethane foam insert for the rear
wall. The bottom of the bath consisted of a 3 mm thick
Perspex plate (2) which rests on a 90 x 170 x 1000 mm
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F1G. 2. Schematic diagram of experimental set-up.
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Thermogravitational and thermocapillary flows in a horizontal liquid layer

foam plastic support (3) covered with a polyurethane
foam plate (4) measuring 15 x 170 x 1000 mm.

The top horizontal plate was made of two Perspex
plates (5) (3 x 145 x 810 mm) so as to form a 15x 125
x 790 mm cavity filled with polyurethane foam (6).
The horizontal insulating plates x, = 412 and 810 mm
long have transparent slits (6 = 5 mm) along the whole
length at distances z = 45 and 75 mm from the front end
face.

On the vertical end faces of the bath, heat exchangers
(7), made of a 10 x 148 x 148 mm brass plate and a
Perspex plate in such a way as to form a cavity
measuring 20 x 130 x 130 mm, were mounted. The
constancy of temperature of the heat-transfer surfaces
was ensured by temperature-controlled water circu-
lation in the cavity of the heat exchanger. Thermostats
capable of keeping the temperature constant to within
+ 0.03°C were used. The temperature of each of the
heat transfer surfaces was measured with nichrome-
constantan thermocouples made of 0.1 mm diameter
wires. The thermocouples were inserted into 0.8 mm
diameter cylinders and could be mounted into 1 mm
diameter holes in the end faces drilled at different
heights 0.5 mm away from the heat transfer surface. The
liquid (water, ethyl alcohol 969;) layer (8) thickness was
set with the aid of 3 mm thick gauge plates (9) on which
the top horizontal plate was mounted. In case of two
rigid bounding surfaces, the liquid contacts with the top
plate. The free surface was created by filling the bath up
to the required height short of the top plate (5). The
distance between the free liquid surface and the top
insulated horizontal plate was 5-7 mm. The horizontal
position of the bath was adjusted by set screws (10).

The temperature in the liquid layer was measured
with a thermocouple probe consisting of two
nichrome—constantan thermocouples made of 0.1 mm
diameter wires. The probe was introduced through a 5
mm slit between the rear wall of the bath and the end
face of the top horizontal plate (5). The thermocouples
were placed one above the other making it possible to
bring one of these respectively right up to the top and
bottom walls. The thermocouple could move vertically
() and horizontally (x) and, by turning the probe, also
along z. The probe displacement in the vertical
direction was controlled by a KM-8 cathetometer
accurate to within 0.01 mm and also by usinga 0.05 mm
scale fixed on the traverse gear. The emf. of the
thermocouples was measured with a digital voltam-
meter ®—30.

Theliquid flow velocity in the layer was measured by
means of flow visualization implemented by using
aluminium particles kept in the liquid throughout the
whole experiment lasting 9-10 h. The layer with the
particles was transparent over its whole width (z,). The
largest value of the horizontal velocity component did
not exceed 2.5 mm s~ !. Therefore, the velocity was
determined from the time required for a particle to
traverse the distance fixed on the telescope graticule of
the KM-8 cathetometer. After the bath was filled up
with liquid and the top horizontal plate (5) was set

HMT 27:8-F

1207

05

L B B S B o B o |

{b) T (°C)

F1G. 3. Profiles of velocity (a) and temperature (b) in a
horizontal layer of water of thickness 2/ = 14.45mm, Ra = 2.2
x10*; T, = 26.5°C; T, = 18.5°C; x, = 810 mm. (a) 1-3,
calculated from equation (16) T, = 29.1, 27.5, 25.6°C for
x = 243, 378, 565 mm, respectively; 4, experimental points
at x = 243, 378, 565 mm corresponding to Curves 1-3,
z =45 mm; 5, experimental points at x = 378 mm and z =
75 mm. (b) Calculation by equations (17) and (18): 1, x =
165mm; 2, x = 250 mm; 3, x = 385 mm; 4, x = 545 mm; 5,
experimental points corresponding to Curves 1-4.

(Fig. 2), the gaps between the bath and the plate were
insulated against ambient heat and moisture, so that no
marked volumetric evaporation of the test liquid was
noticed during the entire experiment. The experiments
were carried out with liquid layers x,/2] = 7-90.In Fig.
3(a)a velocity profile is given for x = 378 mm measured
at different distances from the front side end face (z =
45 mm, points 4; and 75 mm, points 5); x is the distance
from the hot plate. It is seen that at a distance of 45 mm
the vertical end face does not influence the velocity
profile. The velocity measurements were carried out at
z =45 mm for the layer of thickness 2/ < 15 mm.
Figures 3(a) and 4(a) present the velocity profiles in the
layer of water and ethyl alcohol, respectively, when the
upper liquid surface layer is free (does not contact with
the top insulating plate). As is seen from Fig. 3(a), the
free surface of distilled water is stagnant (u,_ , = 0), ie.
behaves as a rigid surface, which is due to the presence
of surfactants in it.

The experimental investigations have shown that in
thin horizontal layers of liquid, the flow has largely a
plane-parallel pattern [Figs. 3(a) and 4(a)]. This agrees
with the results of ref. [8]. Figures 3(b) and 4(b) present
the temperature profiles over the layer depth for
different distances x from the hot vertical plate. The
upper and lower horizontal surfaces are good
insulators. Here, the condition (0T/dy),. ., = 0 is well
fulfilled, i.e. the heat flux along the normal to the surface
is absent. A change in the temperature on the insulated
horizontal surfaces at a sufficient distance from the hot
and cold vertical heat exchangers is linear with respect



1208

A. G. KiRDYASHKIN
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F1G. 4. The profiles of velocity (a) and temperature (b) in a horizontal layer of ethyl alcohol with the free upper

boundary, 2/ = 9.4 mm, Ma = — 1.1 x10*, Ra = 2.2x10% k = —0.5, T, = 32.5°C, T, = 18.1°C, x, = 412

mm. (a) Experimental values: 1, x = 120mm; 2, x = 221 mm; 3, x = 300 mm ; 4, from equation (30). (b) From

equations (18) and (31): 1, x = 46 mm; 2, x = 110 mm; 3, x = 200 mm; 4, x = 300 mm; 5, x = 375 mm; 6,
experimental points corresponding to Curves 1-5.

to x [Figs. 3(b) and 4(b)]. The temperature profiles over
the boundary layer depth shift equidistantly on moving
away from the heat transfer surface. Over a greater
portion of the layer length and over its whole depth (2),
there is a constant longitudinal temperature gradient
A = @T/0x = const.; the temperature drop between
the upper horizontal surface (T) and lower one (T ) is
also constant, AT = T,—T_, = const.

In the central part of a thin horizontal layer, heated
and cooled from two vertical end faces, the flow is
plane-parallel with a constant temperature drop
between the insulating horizontal surfaces and with a
constant longitudinal temperature gradient on them
and in the layer. This problem is similar to that
considered in ref. [1], but with different boundary
conditions. Therefore, its solution will be considered in
more detail.

THEORY

(1) An infinite, along x, horizontal layer is
considered. The heat sources are removed ad infinitum.
The coordinate origin is in the centre of the layer, the
coordinates of the horizontal boundaries are y = +1.
The flow has a plane-parallelpattern (Fig. 5).

u, =u(y); u,=0; u =0 (1)

The heat flux through the horizontal surfaces is

absent and the temperature drop between them is
constant
oT
= =0, AT = const. 2)
oy y= ol
In this case the equations of the thermogravitational
convection are of the form

tépP 1 ap &%u
= WL (3)
pdy p Ox Cy
T T &*T
wom=al s+ 5 ) 4
ax (ﬁy‘ ux2> )

The condition for the flow to be closed is

!
J‘ udy =0. (5)
-1

N\
2

1 I 1

T.=T,+A4x

IG. 5. Schematic representation of the velocity and
temperature profiles in a layer with rigid bounding surfaces.



Thermogravitational and thermocapillary flows in a horizontal liquid layer

Excluding the pressure from equations (3) yields

O*u _5 oT
v8y3 =Piox

The LHS of equation (5) depends only on y. This is
possible only when 07/0x =const, ie. on the
horizontal surfaces

(6)

T, =T+4x; T.,=T,+Ax. N
The solution for the temperature is
T = T(y)+ Ax. 8)

Now substitute equation(8) into equations (3) and (4)
and present them in dimensionless form as

2%y

e A; ©
920
W = A Ra u, (10)

where [is the length scale, ATis the temperature scale,
Ra(a/l) is the velocity scale; Ra = BgATI/av is the
Rayleigh number; 8 = [T(y)— T,1/AT.

Integration of equation (9) over y yields

V3 2

AT =" e 5 ey e,

3 1y

Substitution of equation (11) into equation (10) and
integration over y gives
5 4 3
2 p-1g Y vy
{A* Ra)™ '8 -——ST+CI a +c2¥
2

+c3y— +Cyy+Cs.

5 (12

The boundary conditions for the case of thermo-
gravitational convection with two rigid horizontal
surfaces are

u=0 at y=+1; (13

o8

0=1, —=0 at y=1, 8=0,
dy at

o0
=0 at y= —1L
Jy ay

(14)

Conditions (5),{13) and (14) determine the constants
of integration in equations (11) and (12) and also
determine A. Simple calculations give

1/2
e -;_»(:?5_) ¢
2Ra

Here, the sign is determined by the direction of the

coordinate x, When x is directed from the hot wall,
A = —(45/2Ra)'"~.

The velocity and temperature of the liquid are

determined from

5 \1/2 ,
4= (ﬁ;) y—y);

(15)

(16)
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6= (3"~ 10 +15y+8). a”n

Substitution of equation (17) into equation (8) yields
(T—T)/AT = 6+ Ax. (18)

Since there is no heat flux through the bounding
horizontal surfaces (0T/0y), - 4+, = 0, then the quantity
of heat transported in the horizontal direction per unit
length across the layer width is determined from

g oT
== T-—— _ s
o j4<pcpu A 6x>dy

where ¢, is the heat capacity at constant pressure.
Equations (19) and (15){18) determine the quantity of
heat transferred through the layer per unit width as

90\? /10Ra\"?
= AAT|{ .

The dimensionless heat transfer coefficient (Nu = od/4
= (/2AAT) is found from the equation

45 \¥2  (5Ra\'1?
N = <2Ra> +<882) '

The first term in these relations shows the quantity of
heat transported by heat conduction; the second term
is the quantity of heat contributed by convection. At
Ra ~ 63, the quantities of heat transferred by con-
duction and convection are the same. At Ra « 63,
the heat is mainly transferred by conduction, and at
Ra > 63, by convection.

Equation (20) establishes an unambiguous depen-
dence between the quantity of heat transported and the
temperature drop between the insulated horizontal
surfaces, and, for example at Ra « 63

_ Pal’ (V. 1 {BglPQN?
T=S0a 1)’ R=g\w )°

at Ra » 63

0\?3/ av \'/3
- s EY (v VT
AT =@ (A) (ﬂgP) ’

Ra = (44.1}”3(‘8—?%@)2/3. 23)

(19)

(20)

ey

(22)

In the case of the developed flow far from the end
faces in a layer with insulated horizontal surfaces, the
initial parameters of the problem are the heat fluxin the
horizontal layer {or the temperature drop on the
adiabatic walls) and the layer height. The determining
criterion of the process is the Rayleigh number based on
AT or Q and on l. Here, it is not necessary to know the
mode of heat transfer on vertical end faces—
conduction, boundary layer or transition regimes.

However, ifthe temperature dropisset on the vertical
end faces, AT, =T,—T, then the determining
parameters of the problem will be: Ra, = fgAT,13/av;
Pr = v/a, and the relative layer dimension will be x,/2!.
In this case it is necessary to solve a general problem
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including also the end regions where the flow changes
its direction by 180°.

For the heat conduction regime, at which ¢7T/dx
= const., one can find, throughout the whole layer
(including the end regions), the dependence between the
temperature drop on the vertical heat transfer surfaces
and the temperature drop on the adiabatic horizontal
surfaces.

The temperature gradient in the layer is determined
from equation (15) as 8T/dx =(45/2Ra)'/? (AT/]); in
the heat conduction regime JT/dx = AT,/x,. By
equating the RHSs of these expressions, one obtains

AT 2 /1 ZR AT 2Ra\'"?( |

rmasle) R ar = () ) o

For the other heat transfer modes on the vertical
walls (the transitional—from the heat conduction to
the boundary layer —regime on the vertical end face
and the boundary layer regime), the dependence
between AT and AT, can be found either by the
methods of numerical experiment, or by joining the
solutions for the plane-parallel flow in the core of
the horizontal layer with the approximate solutions for
the flow near the vertical end face [10, 11]. The
latter method is an approximate one and requires
experimental verification.

(2) Consider the case when the upper surface is free
and there are no surfactantsin the liquid which can alter
the surface tension or lead to the strengthening of the
free surface to such an extent that it will become
completely stagnant (Fig. 6). Here, the friction forces
can be accompanied by the thermocapillary forces
caused by a temperature-induced change in the surface
tension.

The equilibrium condition in the problem con-
sidered is written in the form [1]

Ju 0o 0T
pv <q> = (25)
Ccy/)y-r 0T dx
This can be represented in dimensionless form as
0 M
(i> —a" (26)
y/y-1 Ra

where Ma = bIAT/pva is the Marangoni number;
b = d6/6T and is the negative value for the majority of
liquids.
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FIG. 6. Schematic representation of the velocity and
temperature profiles in a layer with the upper boundary being
free.
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On the lower boundary

u=0 at y=—1 (27)

The boundary conditions for the temperature are

s}
<

-=0 at

’

y=1:

SHERS
|

0=1,

,-\
e

(28)

o6 '
0=0, =0 at y=—1.
dy

After simple calculations, from conditions (5) and
(26)28) it is possible to determine the constants of

integrationin equations(11) and (12) and the value of A

30 1:2
A= i(@tsmu) *

where k = Ma/Ra = b/Bpgl* ; the minus sign is for the
case when x is directed from the hot surface.

The relationships for the velocity and temperature
profiles have the form

(29)

S 3kt
u=—[30/3~ Sk)Ra]l/l[-L by
6 8
LSO [
4 i
5 y o 3k—1
0 =-— | 4 ey (k= 1)y
12—20k[5 g Ak
- k19
(2 3y — — | @1
( )y 4+20J (31)

The temperature distribution in the layer is
determined from equations (18) and (31).

Using equations (19) and (29}+31), it is possible
to determine the quantity of heat transported by a 2/
thick layer per unit width and the Nusselt number
(Nu=oal/A;a=qg/AT;q=Q/2)

L T i
“TUAT |GTsRa| TSk

96Ra\'?/8K? 4K 76
x [ ——— e e e . (32
5 35 15 945

Here, the first term represents the quantity of heat
transported by heat conduction ; the second term, by
convection. The relationship expresses the dependence
between the quantity of heat transmitted and the
temperature drop established on horizontal adiabatic
walls.

When the temperature coefficient of surface tension
on a free surface b = 0, then A, velocity, temperature,
and heat flux can be found from relations (29)32).

provided k = 0.
Under the conditions of thermocapillary convection

(g =0, Ra=0), a plane liquid layer with one free
boundary may be realized if one plane bounding
surface is wetted, while the other and all the side end
surfaces are not wetted with liquid, and the volume is
moderately filled with liquid. Thenin the case of heating
and cooling of two opposite end surfaces, with the
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- 1
~ i 2
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~
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o] 0.5 1.0
8

FiG. 7. The velocity profiles, 1 {from equation (34)], and
temperature profiles, 2 [from equation (35)], under the
conditions of thermocapillary convection and g = 0.

remaining surfaces being insulated, the temperature
and velocity profiles and also A and Nu in the plane-
parallel flow regime over the central portion of a thin
liquid layer are determined from equations (29)32) at
g=0,Ra=0

1211

(3y* , 3P 5)
6= —025{— ———=3y—=); (35
(G -7 -3 ©

6 \'* 32
=(——) +==(—6Ma)"2 6
Nu (_Ma) + 575 (—6Ma) (36)

The velocity and temperature profiles are presented
in Fig. 7.

EXPERIMENTAL RESULTS AND THEIR ANALYSIS

Figures 3(a) and (b) compare experimental velocity
and temperature profiles with solutions (16)-(18)
obtained for a layer of water. The free surface behaves as
a rigid one. The physical constants of liquids (water,
ethyl alcohol 96%) were determined from T, according
to ref. [17]. It should be noted that at the available
values of the temperature gradient along the layer
length A the differences occur between the predicted
maximum velocities, when in each section x a
corresponding value of temperature, averaged over the
layer depth, is taken [Fig. 3(b)]. The same tendency in
the behaviour of u is observed experimentally. Figure
3(a) presents the velocity profiles which were
determined from T, at the corresponding value of x by
equation (16). There is a good coincidence between

A= £[6/(—Ma)]'?; (33)  theoretical and experimental velocity values over the
" depth of the layer and along the greater part of its
ul 6! length. Some differences between the experimental
—Ma)™'? = = (3y42y—1); (34 gth. ‘ _c experimel
( ) a 8 Gy*+2y—1) (34) values of temperature and those predicted by equations
v (mm s
05 1.0
: \0-—.0_._'\% .
r D
0.5 ; %®
i C
%(mm)
- + — 255
- ® — 380
i o ~ 555
C *
- L ]
- [ J
osf
I of
> r
—os |
C e
Lo
-1.0 — L
24 30

(b)

7 {°C)

F1G. 8. Profiles of velocity (a) and temperature (b) over the layer depth 2/ = 22.7 mm, Xxo = 810mm, Ra = 1.07
x 10% Pr=5.7.
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F1G. 9. The velocity profile in an ethyl alcohol layer with a free

boundary:2! = 4.62mm,Ma = —4.37 x 103, Ra = 2.3 x 10°,

k= —19; T, =407°C, T,=225C: T, =30C. x,=
412 mm  the line is calculated by equation (30).

(17)and (18) are observed at x/2/ = 11. The calculation
by equations (17) and (18), presented in Fig. 3(b) was
made at the base temperature T_, = 26.15°C for
x =385 mm. The correspondence between the
experiment and prediction is fair over the greater
portion of the layer length.

In Figs. 8(a) and (b) the experimental values of
velocity and temperature are presented as points. The
curves show calculation by equations(16)-(18). Thereis
a satisfactory agreement between the experimental and
theoretical velocity values. The temperature profiles
become somewhat different from theoretical ones
closer to the end faces [Fig. 8(b)]. The calculation by
equations (17) and (18) was made at the base
temperature 7_, = 25.6°C for x = 424 mm.

Figures 4(a) and (b) and 9 compare the velocity and
temperature profiles measured experimentally with
those calculated by equations (30), (31) and (18) for
the layers of ethyl alcohol with the upper boundary
free. When calculating the temperature profiles in
the layer 2/ = 9.4 mm [Fig. 4(b)], it was assumed
that T_, = 23.35°C for x = 200 mm. In the tempera-
ture range studied for the 969, ethyl alcohol, b =
—9x 107 Nm *°C 1 [17].

The comparison shows the coincidence between the
experimental and theoretical velocity and temperature
profiles at different ratios of thermocapillary and
thermogravitational forces (k = —0.5 and —~1.9). The

36 |-
341
5 L
s
= 32
~
30
28
1 1 1
100 200
x {(mm)

FIG. 10. The temperature of the bounding surfaces : 1,a layer of
water with rigid boundaries, 2/ = 8.0 mm, Ra = 3.7 x 10%,
Xo = 412 mm; 2, ethyl alcohol layer with a free boundary,
21 =4.62mm, Ma= —-437x10% k= —19, x, =412 mm.
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Fi1G. 11. The dependence of |4| on Ra: 1, rigid surfaces, water,

freeboundaryinthelayer ofethylalcohol ;2. k = —0.5;3,k =

—1.9; 4, from equation (15); 5, from equation (29) at k =

—0.5:6, from equation (29) at k = — 1.9 7, rigid surfaces for
water layer from ref. [8].

temperature variation on the horizontal bounding
surfaces is shown in Fig. 10. The dimensionless
longitudinal temperature gradients and their com-
parison with the values predicted from equations (15)
and (29)are presented in Fig. 1 1 for the respective values
of Ra and k. There is a good coincidence between the
experiment and theory.

For the case of two rigid adiabatic horizontal
surfaces (water layer) the values of 4 were determined
experimentally for different values of Ra(Fig. 11). At Ru
< 107, there is a good coincidence between the results
calculated from equation (15) and the experimental
values: the temperature gradient A is constant over the
entire layer depth and over the greater portion of its
length excluding the end face regions. At Ra > 1.07
x 10° and x,/2 = 35.6, there is a difference between the
temperature gradient at y =0 and +1 near the
bounding horizontal surfaces [Figs. 8(b)and 11]. At the
centre of the layer A4,_, is somewhat smaller than
Ay -y, The same differences are observed in the
experiments described in ref. [ 8] where the temperature
profiles were calculated on horizontal surfaces and at
the centre of the layer. These differences increase with
anincreasing Raand at Ra = 7.1 x 10° the temperature
gradient at the cross-section y =0 (in the central
portion of the layer) is absent, i.e. 4,. = 0 [Figs. 11
and 12(a) and (b)]. The temperature gradient 4 , , near
the bounding adiabatic horizontal surfaces varies
along the length and at x = 0.5x, it is equal to 0.02,
which is a larger value than that obtained from
equation(15),i.e. A = 0.0058.In Fig. 11, the dashed line
shows the trend in the change of the lengitudinal
temperature gradient at the cross-section y = 0(A4, . ¢},
and the dashed-dotted line shows a change of A4, . .,
near the upper bounding surface at x = 0.5x,. Itfollows
from this figure that solutions (15)+17) are valid at Ra
< 105, and that deviation from solution (15) manifests
itself earlier near the bounding horizontal surfaces.

At Ra = 7.1 x 10° [Figs. 12(a)}Hc)], the flow has the
boundary layer pattern. The temperature changes near
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FiG. 12. Temperature profiles over the layer depth at x = 100, 200, and 300 mm (a), on the bounding rigid
surfaces (b) and velocity profiles (c) at 21 = 29 mm, Ra = 7.1 x 10, Pr = 4.8; x, = 412 mm.

the adiabatic surfaces; (0T/0x),- +, is variable along
the layer length; the velocity profile differs from the
parabolic one [equation (16)]. At Ra = 6.6 x 10° [Figs.
13(a)H{c)], the relative thickness of the boundary layer
decreases and the zone over y, where dT/dy = const.
and 8T/dx = 0, increases [Figs. 3(a) and (b)]. The flow
inthe boundary layer becomes more complex : the main
stream is localized near the horizontal surfaces and
slow counter-currents originate.

At Ra = 5x 107 [Figs. 14(a) and (b)], the velocity
profile is still more complex; the thickness of the
thermal and velocity boundary layers amounts to 15%,
of the layer thickness. A stratified flow is observed
[Fig. 14(a)]. The region, where dt/dy = const. and
0T/ox = 0, comes to 70% of the layer thickness.

In Fig. 15, the points present the experimental values
of Nu = Q/2AAT at different values of Ra. The heat
fluxes were determined by equation (19) from
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F1G. 15. The dependence of Nu on Ra for the regimes :

Ra
of heat conduction (I), convection with a plane-parallel

flow (IT) and of boundary layer (II1) for rigid adiabatic horizontal surfaces with heating on one side : 1, equation
(21); 2, experimental values, water.

experimental velocity and temperature profiles. At
Ra « 63, the heat conduction regime prevails; at 10°
> Ra > 63, the regime of the convective heat transfer
with a plane-parallel flow in the horizontal layer and at
Ra > 103, the boundary layer regime. In the latter case,

a small dependence of Nu on Ra is observed
Nu = 12.5Ra'/'8, (37)

The results of ref. [9] are not presented in Fig. 15,

since the experiments were carried out in the conditions
of heat transfer through the upper horizontal surface,
which is evident from the temperature profiles: the
temperature gradient (07/0y),-., even exceeds
(0T/0y), -, at the centre of the layer at section y = 0.
From the initial data available in ref. [9] it is impossible
to estimate the quantity of heat transported through
the horizontal top plate and that transported
horizontally.
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At Pr = 4.5-5, the stability loss in the plane-parallel
flow was not observed, and only its transition into the
boundary layer regime was detected. In the boundary
layer regime the complication of flow was accompanied
by the appearance of horizontal counter-currents over
the layer depth; the quantity of strata increased with
Ra.

The velocity profile, equation (17), provides the
conditions for stable density stratification over the
layer core depth. According to ref. [ 18], at Ri > 0.0417
the flow in the boundary layer is always stable where

) ap | [ou\? aTN {ou\?
e A
oy /ol \CV/jo 0¥ Jol \t¥/o

is the Richardson number.

As it follows from equations (16) and (17), for a
horizontal layer Ri, = 3 Prat the section y = 0,1i.e. Ri,
decreases linearly with Pr and may be as small as one
pleases. (In crystal growing technology, liquids are
known with Pr < 1072) The velocity profile, equation
(16), has the inflexion point at y = 0 and is potentially
unstable [2, 3], therefore this flow can be unstable at
Pr« 1.

e
=

™

CONCLUSION

The main attention in the present work was paid to
the flow structure in a horizontal layer with adiabatic
walls in that portion of it, where the effect of end region
flows becomes degenerate. In this case, the main initial
parameters are the layer height and the heat flux (or the
temperature drop between the adiabatic surfaces).
Depending on the determining criterion Ra, based on [
and AT, the boundaries of the following regimes have
been found: of heat conduction, convective heat
transfer under the conditions of plane-parallel flow and

A. G. KIRDYASHKIN

of the boundary layer. The heat transfer laws have been
established. In the latter case, the heat transfer law has
been determined for Pr = 4.5-5.5 and x,/2| = 7-14.

The laws governing the velocity and temperature
field variation in the layer at ¢ T/dx = const. have been
determined analytically under the conditions of
thermogravitational convection for two rigid surfaces
and under the conditions of simultaneous effect of
thermogravitational and thermocapillary forces. with
the upper surface being free.

It is shown that in the boundary layer regime, ¢ T/Cy
= const. and ¢ T//0x = 0 over the greater portion of the
horizontal layer, except for the region near the walls.
This points to the possibility for the formation of a
linear temperature gradient in pools with side heating
when the vertical surfaces are cooled and the free upper
and rigid lower bounding horizontal surfaces are
insulated.

For the problem considered at the prescribed
temperature difference on the vertical end faces of the
layer, the determining parameters are

Ray, = BgAT,Plav: Pr = vja; x,/2l
1 1 '

Different combinations of the heat transfer regimes
near the vertical surface and in the horizontal layer are
possible [Figs. 16 (a) and (b)]

The vertical end surface
Regimes

Horizontal layer

Plane-parallel
flow (4 = const.)
Plane-parallel
flow (A = const.)
Boundary layer
Boundary layer

Heat conduction
(A = const.)
Boundary layer

Laminar boundary layer
Transitional from laminar
to turbulent

Turbulent boundary layer Boundary layer

A=37/dx=const.

)|

+

=

T=T{(y)-Ax,

{a)

(dT/By),= 0

(b)

F1G. 16.Schematic diagram of flow near the vertical end surfaces and in the layer core with a plane-paraliel flow
{a) and in the boundary layer regime near the horizontal surfaces (b).
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In solving this multiparametric problem, it is useful
to combine the laboratory and numerical experiment

with the analytical approximate methods of investi-
gations [13, 14].
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ECOULEMENTS THERMOGRAVITATIONNELS ET THERMOCAPILLAIRES DANS UNE
COUCHE LIQUIDE HORIZONTALE SOUS LES CONDITIONS D'UN GRADIENT DE
TEMPERATURE HORIZONTAL

Résumé—On présente une étude expérimentale des structures thermiques et dynamiques des écoulements
thermogravitationnels dans une couche horizontale chauffée par le c6t€ et ayant deux frontiéres rigides. La
surface supérieure de la couche est libre et celle inférieure est rigide et adiabatique. Ceci crée une situation
favorable 4 la simultanéité de forces thermogravitationnelles et thermocapillaires. Les frontiéres des régimes
thermiques sont déterminées et pour chacune des lois de transfert thermique sont précisées. Pour le régime
caractérisé par un gradient longitudinal de température constant (loin des surfaces verticales), les lois
gouvernant les champs de vitesse et de température qui dépendent du flux de chaleur sont trouvées
analytiquement.

THERMOGRAVITATIONS- UND THERMOKAPILLARSTROMUNGEN IN EINER
HORIZONTALEN FLUSSIGKEITSSCHICHT AUFGRUND EINES HORIZONTALEN
TEMPERATURGRADIENTEN

Zusammenfassung—Es wird iiber eine experimentelle Untersuchung der thermischen und dynamischen
Struktur von Thermogravitationsstromungen in einer horizontalen, von der Seite beheizten Schicht mit zwei
festen Berandungen berichtet. Die obere Grenze der Schicht ist eine freie Oberfliche, die untere fest und
adiabat. Diese Anordnung fithrt zum gleichzeitigen Auftreten von Thermogravitations- und Thermo-
kapillarkréften. Die Grenzen einzelner Wirmeiibergangsbereiche wurden gefunden und fiir jeden Bereich
die entsprechenden Wirmeiibergangsgesetze aufgestellt. Fir den durch einen konstanten Temperatur-
gradienten in Lingsrichtung gekennzeichneten Bereich (weit entfernt von den vertikalen Endflichen),
wurden die maBgebenden Gesetze fiir die Veriinderung des Geschwindigkeits- und Temperaturfeldes in
Abhiéngigkeit von der Warmestromdichte gefunden.
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TEMNJAOBBIE TPABUTALIMOHHBLIE U TEPMOKATIWJIJISPHBIE TEHEHUA B
FOPU3OHTAJIBHOM CJIOE XUJAKOCTHU B YCJIOBUAX I'OPU3OHTAJIBHOI'O
IFPAAUEHTA TEMIIEPATYPbBI

AHHOTAIMA—DXCIIEPUMEHTAILHO  MCCIEAYETC  TellioBas W JAHHAMHUYECKas CTPYKTYPa TEMTIOBbLIX
I'PaBHTALIMOHHBIX TEYEHUH B TOPH3OHTAALHOM CJIOE, NOAOrpeBaeMoM cOOKy, € OBYMsi KECTKHMHU
IPAaHHIAMH, 4 TAKXKE C BepXHel CBOODOIHOH M HMKHEH XECTKOW aAHabaTHYECKHMH MOBEPXHOCTAMH.
B nocneanem ciydae Habu104aeTCH COBMECTHOE AEHCTBHME TEPMOTPaBUTAIHOHHBIX H TEPMOKaNAIUIAD-
HbIX cH/1. HalneHbl TpaHHUBl PeKHMOB Tenj000MeHa M A% KaXKIOTO PEKMMa ONpejesieHbl 3aKOHBI
TenaooomeHa. s pexuma, XapakTepH3yeMoro NOCTOSHHBIM MTPOJOILHLIM I'PaIMEHTOM TeMIepaTyphl
(BHaJIM OT BEPTHKAJbHBIX TOPLOB) AHAJIMTHUYECKH HANAEHBI 3aKOHOMEPDHOCTH H3MEHEHHS TIOJS
CKOPOCTH H TEMMNEpAaTypbl B 3aBUCAMOCTH OT TEMJOBOTO MOTOKA.



